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For a fueron category, we have complete
irreducibility into a directrun ofsimples:

Chink:vec sps,X*Y =0may ei repr,... ↳

By linearity ofmonoidal product, can consider

Simply e,ej=0Niger

N= dim Hamden, endeg) Fusion coefficient

Q:Is there a nice description for fusion

coefficients?



Recall:Ashortexactrequence
[A,B,C EbeFran)

0 -xAB+x = 0
such thatImY =KewY.

We may call isan extension ofA by C.

Def:Agroup action on monoidal category GNe o

(E) a monordal functor (F,t) such that

· FrsPeAutypFrre, F(y):=(yx, Jg) monordal.



[E]
Def:Monoseal functor (F, H):e- e;

Myy:F(0xF(y) Es Flxxy) such that:

(F(y) F(y))aFLE) -> F(x)x(F(y)xF(E))
↓ ↓

F(xxy) F(=) 2 F(x)F(yQE)
↓ ↓

Fl(xxy)* E) -> F(xxyx))

-> F(x,y,) 0 Rxxy, (Mx,yIdEz)
-Hxyz (Idk * My,z) otFx, F(y),F(E).



For a modular category, thedata bet is

equivalently given by:
· Functor F:- > AutaFrre

·calar HE,g: Fagaxs Fyax=Mg Id.

· Fromorphems UI:Hom (E,xDy) ->Hom(yrz, yxxgay)

such thata gin -Man Eigh and

Meg MyWe Uz=g uget



For a modular category and to the, define:

· Fixg =(x = Irre: gxx
=x3, (=Frxg-1)

· Vy =

KCFixyJ, V =A Vy
G

We call U a
G-crossed extension ofe.

V is an assocrative algebra with:

pointee product
· Fur XeFX, yEFxg, Xoy:=Sazb MFgX

"convolution"
· For X,ytFixg, Xxy:=I tr(UgEE

=Fiy



* the study ofthere G-crowed extensions is

parallel to thestudy ofgroup characters.

Recall:thespace ofFunction Fun(6)=br.6-s42

of are associative algebra worth multiplication.
"convolution product

We may define Fxg(x) =iyEF(xy-1) g(y)
One can show thatfor U=PVg, both, and

*are associative.



e
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Recall:(A, *) a semisimple commutative algebra

<-> A has a basis ofmumal dempotents.

prop: (FanChl, x) =K[G] by F +3 Z f(g) g

corollary: (ClassFun(b), x) =IC4[G])
*F(ghg-) =fCh) Fgin.

Since ICPLE]) is commutative remisimple, we

have a canonical baste ofmaimal dempotent
For ClassFue (C), contig ofirreducible characters.

Theorem:(V,*):DU is commutative semiample.



Recall:a Branded monordal equivalence closer of

pointed, braided fusion categories given by

(A,[(w,5) <> (A, 9).
· (A,9) modular -> a nondegenerate.

Clam:thedate of64 VecCA, al is
gruen

· F:G-> AutypCAL, grga,
· FagzX fgxx :=Mfg Fd,
·

gx yoy Sgo(xay): =BYd
acoherences



I
"Proof?" · (Ergo)hrx =fogcha) x I

Coherences I
W

↓ ↓ I
X

Fgabox 4 Foghax ->
· Merging-mign

I ↓

(g)h=x = Fign)ax
I u 2-cocycle

· (yo,Jy) monoidal Bowtity=BYEwyay,g-
· frgox Frgoy - Felgox*gry) By 1

-CO2.

↓ ->

Fg-x Agzy2 Frg-(xxy) I

· *y2

I - I
= ,y

Fyx(xxy) I

I
·gaxxgoy -> yxyxgox

I
I R ↓ -> a** 1924,308:2

g=(xxy) - gxgex) (



In particular, when Go-AutspCAL troval,

6 xVecCA, a) <-> M: A-> I(6, 4*),

B:1-CA,k*)

Additionally, a syneture is trivializible.

Finally, E -> x*Y commutative

↓gx
-Schar's Lemme

got-> gx(xxy)
↑

Er=xayEE.
UgiEgab goy



Example: Consider In A Ven(2m, q3.

4*,n =0
H

Cw] Prop:M*(Iw, DY) = E Eh, be an L

up to cohomology, MB
both trivial.

> Im orreps.
Clarm:Idemp =Ies*8,:0:m}:=see.
24i/m3m =

e

*Additionally, ez.egh:gitse getdee
>

g+h
-(K gt = Citi

(y,k) +Ch,2)k=0

=2y+k,
which recovers thefusion ring structure RnxEm. Intel.



55] Theorem:(V,x) is a rememple commutative algebre

withbasis ofanimal dempotents 4et2.

Additionally, for di ==ding eit

n
⑧ er.ej =diNiea anch

Frxgh

ea*(e.e?) =dNi ese
*combining mal and convolution recovers (multiples of

the Faran coefficients!

ThMK:dmHomLU, ViQUD =LN2, N=.Xs]



&How do we eliminate quantum dimension?
O

Clam:(V,x) semisimple -> there exists to which

identify wit. convolution. For every eit

there existe es wither.es=xeo.

Then, eoxle,.e=xd Ni=Xde

Example: For In Vez2Im,q), 10=e8,

er* =eE 28 - (29.2, =28
-> dim?=1 ->dm=1 cuntuigh,

-> Ni=ditj=K.



Example: Consider Enxm Ver (X(mm), al
Inn - Aut(n] trn -

theorem, H2(EnxEm, 4Y)= Icnm) with

b r)[I], ExCeie,ere)=Shn

Then, M:Fam
-> I(nxEm,K

xq-........ (Enm, 44) =em
-Eqis irrep

Claims Idemp - Hesan?:ozzenm):=seht.
Enxtm

I ett,tepit et =0o=( gage
in

n+k,t+1

=eitjrgtk



-n,-t

Then, 18 ↓convolution identity, ent*=eiryth/
d =1 no Wi =dittyzk=

thelastexample recover thefurson ring (extension):

0 - Rain- kam(2nxm) -> Inx-m -0
I

qwezH" (knxm, Kinni), Wylerwent, einer) =gt.

Extension of Icnn) by Inx*m

↳-> [nxtm-crossed extensions of Vee(Iann),9

with trivial G-> AutoFure.



Future Work: · pr,
A Vec([p,9) with

nontrivial automorphism.

· In**m A Ver(Iine),a nontrural

00 4

o I?general formula

k =6 AVerLA,al?

↳ Fur Vez CA, as non-modular,
whatdo C represent

Chon-integer)
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