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Preliminaries
• A group is a set (𝐺) together with binary operation (∗), such that

 There exists identity: ∃1 ∈ 𝐺, such that 1𝑔 = 𝑔1 = 𝑔, ∀𝑔 ∈ 𝐺,

 There exist inverses: ∀𝑔 ∈ 𝐺, ∃! 𝑔−1 ∋ 𝑔𝑔−1 = 𝑔−1𝑔 = 1,

 The product is associative: 𝑔 ∗ ℎ ∗ 𝑘 = 𝑔 ∗ (ℎ ∗ 𝑘).

• A group is Abelian if it is commutative: 𝑔ℎ = ℎ𝑔.

• Example: The integers with addition (ℤ, +).

 Sub-example: The integers mod 𝑛 with addition (ℤ𝑛, +).

• Example: Complex numbers with multiplication (ℂ ∖ 0 ,∗).



Preliminaries
• A short exact sequence is a sequence of Abelian groups:

 0 → 𝐴մ
𝜑
𝐵ժ

𝜓
𝐶 → 0, such that Im 𝜙 = ker 𝜓 .

 We say that 𝐵 is an extension of 𝐶 by 𝐴.

• Example: The direct product 𝐺 × 𝐻 is an extension of 𝐻 by 𝐺 and conversely.

• Example: The semidirect product 𝐺 ⋊ 𝐻 is an extension of 𝐻 by 𝐺.

 𝐺 ≅ 𝐺 ⋊ {1} is an injection and 𝑔, ℎ ↦ ℎ is a surjection.



Preliminaries
• A ring is a set (𝑅) together with two binary ops +,∗ , such that

 𝑅 is an additive abelian group: (𝑅,+) Abelian,

 Multiplication distributes over addition: 𝑟 ∗ 𝑠 + 𝑡 = 𝑟 ∗ 𝑠 + 𝑟 ∗ 𝑡.

• A ring is called unital if (𝑅,∗) is a monoid: ∃! 1 ∈ 𝑅, s.t. 1𝑟 = 𝑟1 = 𝑟.

• Example: The group ring ℤ 𝐺 = ℤ𝐺 = spanℤ{g ∈ 𝐺}, with ops

 Addition: ∑𝑎𝑔𝑔 + ∑𝑏𝑔𝑔 = ∑ 𝑎𝑔 + 𝑏𝑔 𝑔,

 Multiplication: ∑𝑎𝑔𝑔 ∗ ∑𝑏𝑔𝑔 = ∑𝑎𝑔𝑏ℎ𝑔ℎ.



Preliminaries
• For 𝐺 a group, a 𝐺-module 𝑀 is an abelian group together with group 

homomorphism 𝜌: 𝐺 → Aut(𝑀) for which:

 𝜌 𝑔 𝑚1 +𝑚2 = 𝜌(𝑔)𝑚1 + 𝜌(𝑔)𝑚2.

• Example: The trivial module 𝐴: 𝜌 𝑔 𝑎 = 𝑎.

• Example: The left-regular module 𝐺: 𝜌 𝑔 ℎ + 𝑘 = 𝑔 + ℎ + 𝑘.

• Example: The free ℤ 𝐺-module generated by 𝑀: 

 The group ℤ𝑀,+ with action 𝜌(𝑔) ∑𝑏𝑚𝑚 = ∑𝑏𝑚𝜌 𝑔 (𝑚).

• Remark: The study of 𝐺-modules gives examples of group extensions.



Question
• What happens if we relax some of the axioms of groups?

• What if “equals” is not really equality?

 What if we replace every “equals” with “isomorphic to?”



Categories
• A category 𝒞 is a class 𝑂𝑏(𝒞) together with morphisms 𝒞(𝐴, 𝐵) s.t.:

 There exist identities: idA ∈ 𝒞 𝐴, 𝐴 ,

 Composition is associative: 𝑓 ∈ 𝒞 𝐴, 𝐵 , 𝑔 ∈ 𝒞 𝐵, 𝐶 ⇒ 𝑔𝑓 ∈ 𝒞(𝐴, 𝐶).

• Example: (Vertical) categorification of a set 𝑋:

 Construct a category 𝒳 with Ob 𝒳 = 𝑋 and 𝒳 𝐴,𝐵 = 𝛿𝐴=𝐵id.

• Example: (Horizontal) categorification of a group

 For a group 𝐺, we may construct a category 𝒢 with Ob 𝒢 = {∗} and morphisms 
𝒢 ∗,∗ = 𝐺 are labeled by elements of 𝐺.



Categories
• An Abelian category is a category 𝒞 together with bifunctor ⊕:𝒞 × 𝒞 → 𝒞

called the direct sum, which admits kernels and cokernels.

• A monoidal category is an Abelian category together with

 Bilinear bifunctor ⊗:𝒞 × 𝒞 → 𝒞, called the tensor product

 Isomorphisms 𝛼𝑋,𝑌,𝑍: 𝑋 ⊗ 𝑌 ⊗ 𝑍 →
∼
𝑋 ⊗ 𝑌⊗ 𝑍 satisfying the pentagon equations,

 Unit object (𝟏, 𝜄), 𝟏 ∈ 𝒞 satisfying the triangle equations.

• Example: The category 𝕜 − Vec of vector spaces over 𝕜.

 The direct sum comes from concatenation of ordered bases.

 The associator identifies 𝑉 ⊗𝑈 ⊗𝑊 →
∼
𝑉 ⊗ 𝑈⊗𝑊 . This is not equality!



Categories
• A monoidal category is called strict if 𝛼 is equality.

• A monoidal category is pointed if each object has a tensor inverse.

• A monoidal category is braided if it has:

 Braiding isomorphisms 𝑆 = 𝑆𝑥,𝑦: 𝑋 ⊗ 𝑌→
~
𝑌 ⊗ 𝑋 satisfying the hexagon equations.

• A monoidal category is fusion if there are finitely many simple objects.



Categories
• Remark: Monoidal categories are the (vertical) categorification of monoids.

 Pointed categories are the (vertical) categorification of groups,

 Braided categories categorify Abelian groups,

 Fusion categories categorify finite groups.

• Important example: Vec 𝐺, 𝜔, 𝑐 is a pointed braided fusion category with:

 Simple objects labeled by group elements 𝛿𝑔, and 𝛿𝑔 ⊗𝛿ℎ = 𝛿𝑔ℎ,

 Associator 𝛼𝛿𝑥,𝛿𝑦,𝛿𝑧: 𝛿𝑥 ⊗ 𝛿𝑦 ⊗𝛿𝑧 →
~
𝛿𝑥 ⊗𝛿𝑦 ⊗𝛿𝑧 = 𝜔(𝑥, 𝑦, 𝑧),

 Braiding 𝑆𝛿𝑥,𝛿𝑦: 𝛿𝑥 ⊗𝛿𝑦→
~
𝛿𝑦 ⊗𝛿𝑥 = 𝑐 𝑥, 𝑦 .



What’s the Big Idea?
• There is the notion of a group action on a category.

• There is an analogue to group extensions using group actions on categories.

• Oftentimes, it is enough to describe the resulting category with group 
theoretical and cohomology data.



What’s the Big Idea?
• Example: Trivial ℤ𝑛 × ℤ𝑚 ↷ Vec ℤ 𝑛,𝑚 , 𝜔, 𝑐 results in:

 Extension ℤ 𝑛,𝑚 մ ℤ 𝑛,𝑚 ⋊𝜑 ℤ𝑛 × ℤ𝑚 ժ ℤ𝑛 × ℤ𝑚, where 𝜑 ℎ, 𝑡 , 𝑘, 𝑙 = 𝑔𝑡𝑘.

 Remark: Looks like a semidirect product.

• Example: ℤ2 ↷ Vec(𝐴, 𝜔, 𝑐 ) by inverses, 𝐴 finite abelian results in:

 Extension 𝐴 մ 𝐴 ⋊𝜓
𝐴

𝐴/𝐾
ժ

𝐴

𝐴/𝐾
, where 𝜓 𝑏1 +

𝐴

𝐾
, 𝑏2 +

𝐴

𝐾
= 𝑏1 + 𝑏2 + തℎ +

𝐴

𝐾
.

 Remark: Looks like Tambara-Yamagami category.



Closing
• I was “scooped” on this project :/ but the tools are still useful!

• Research moving in to more braided-category theory direction.

• Upcoming project to incorporate operator theory (an analysis topic).



Questions?


